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Abstract—We consider a multipair massive multiple-input
multiple-output (MIMO) two-way relaying system, where mul-
tiple pairs of single-antenna devices exchange data with the
help of a relay employing a large number of antennas N . The
relay consists of low-cost components that suffer from hardware
impairments. A large-scale approximation of the spectral effi-
ciency (SE) with maximum ratio (MR) processing is derived in
closed form, and the approximation is tight as N → ∞. It is
revealed that for a fixed hardware quality, the impact of the
hardware impairments vanishes asymptotically when N grows
large. Moreover, the impact of the impairments may even vanish
when the hardware quality is gradually decreased with N , if a
scaling law is satisfied. Finally, numerical results validate that
multipair massive MIMO two-way relaying systems are robust
to hardware impairments at the relay.
Index Terms—Spectral efficiency, massive MIMO, two-way
relaying, hardware impairments.
I. INTRODUCTION
Massive multiple-input multiple-output (MIMO) is a
promising technology for future wireless cellular networks.
By equipping base stations (BSs) with hundreds of antenna
elements, the spectral efficiency (SE) of massive MIMO
systems can be improved by several orders of magnitude
compared to conventional small-scale MIMO systems [1]. On
a parallel avenue, the two-way relaying technology has been
developed to allow a user pair to exchange information through
an intermediate relay. Thanks to the simple signal processing
when using arrays with many antennas, the combination of
massive MIMO and two-way relaying is an attractive candidate
for future wireless systems [2], [3].
Motivated by these observations, some researchers have
analyzed the performance of multipair massive MIMO two-
way relaying systems. In [4], the asymptotic SE of the
multipair two-way relaying system was obtained analytically
by using a relay with very many antennas and maximum
ratio (MR) processing. It was revealed that the SE increases
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logarithmically with the number of antennas at the relay, but
decreases logarithmically with the number of user pairs [5].
For the multipair massive MIMO one-way full-duplex relaying
system, an achievable rate expression in closed form for MR
processing and an analytical approximation of the achievable
rate for zero forcing processing were derived in [6]. [7],
[8] quantified the asymptotic SE and energy efficiency for
multipair massive MIMO two-way full-duplex relay systems.
Different from most of the existing works, which consider
systems with ideal hardware, herein we consider a massive
MIMO two-way relaying system with transceiver hardware
impairments at the relay. This is motivated by the fact that
cost-efficient deployment of arrays with many antennas require
low-quality components. If the same hardware quality is used
in massive MIMO systems as in conventional systems [9],
then the hardware cost would scale linearly with the number
of antennas [10]. An alternative low-cost implementation is
one with components of reduced quality, but this leads to non-
negligible distortion from hardware impairments. In practical
systems, many transceiver components act as non-linear filters
that induce hardware impairments. The transceiver hardware
impairments include amplifier non-linearities, phase noise, I/Q
imbalance, and quantization errors [11]–[13]. In practice, these
impairments can be mitigated at the relay by using appropri-
ate compensation algorithms [14], but residual impairments
always remain. We assume that appropriate compensation
algorithms have been applied and focus on the residual hard-
ware impairments. As shown in [14], the residual hardware
impairments at the transmitter and receiver can be modeled as
additive independent distortion terms that are proportional to
the signal power at the transmitter and receiver, respectively.
Since the received signal power depends on the current channel
realizations, so does the variance of the receiver distortion. In
this letter, we try to answer the question whether the high SE
of multipair massive MIMO two-way relaying can be achieved
also under residual hardware impairments.
II. SYSTEM MODEL
Let us consider a two-way system model where K pairs of
single-antenna devices communicate with each other through
an N -antennas relay TR [5]. The devices, which are denoted
as TAi and TBi , for i = 1, . . . ,K , could, for example, be
user terminals that exchange information or small-cell BSs
that need a backhaul link. We assume that TAi and TBi cannot
exchange information directly due to large geometric path loss
and/or heavy shadowing.
The relay and all devices operate in time-division-duplex
mode so that channels between each device and relay are
2reciprocal within every channel coherence block. We further
model each channel as an ergodic stationary process with a
fixed independent realization in each coherence block. We
define G
∆
= [g1, . . . ,gK ] and H
∆
= [h1, . . . ,hK ], where
gi ∈ CN×1 and hi ∈ CN×1, for i = 1, . . . ,K , denote
the uplink channel vector between TAi and TR and the
downlink channel vector between TBi and TR, respectively.
Furthermore, G and H can be expressed as G = SuD
1/2
u
and H = SdD
1/2
d , respectively. Motivated by the channel
measurements in [14], [15], the elements of Su and Sd are
assumed to be independent and identical distributed (i.i.d.) as
CN (0, 1). Du and Dd are diagonal matrices representing the
large-scale fading and the ith diagonal elements of Du and
Dd are denoted as σ
2
gi and σ
2
hi
, respectively. Moreover, the
columns ofG andH, i.e., gi and hi are i.i.d. as CN (0, σ2giIN )
and CN (0, σ2hiIN ), respectively. By exploiting the channel
reciprocity, the downlink channel between TAi and TR and
between TBi and TR are denoted by g
T
i and h
T
i , respectively.
The communication in the multipair two-way relaying sys-
tem consists of two phases. In the first phase, all devices TAi
and TBi transmit their own information-bearing signals, i.e.,
xAi and xBi to relay TR, respectively. We assume that xAi and
xBi are Gaussian data signals, and all devices have the same
transmit power, denoted by PU . The additive distortion ηr de-
scribes the impairments of the receiver hardware at the relay1.
ηr is proportional to the instantaneous received signal power
at the antenna as ηr ∼ CN (0, κ2rPUdiag(W11, . . . ,WNN )),
whereWii is the ith diagonal element ofW =
∑K
j=1(hjh
H
j +
gjg
H
j ) [10], [13]. The proportionality coefficient κr charac-
terizes the level of receiver hardware impairments. Then, the
received signal at TR can be expressed as
yr =
K∑
j=1
(gixAi + hixBi) + ηr + nR, (1)
where nR ∼ CN (0, σ2RIN ) is the additive white Gaussian
noise (AWGN) at TR. We can rewrite (1) in matrix form as
yr = Ax+ ηr + nR, (2)
where A
∆
= [G,H], x
∆
=
[
xTA,x
T
B
]T
, xA
∆
= [xA1 , . . . , xAK ]
T
,
and xB
∆
= [xB1 , . . . , xBK ]
T
.
In the second phase, TR multiplies yr with the precoding
matrix F ∈ CN×N and a power-control coefficient ρ2. Then
TR broadcasts y
′
t = ρFyr to all devices. However, due to the
hardware impairment at the transmitter, TR actually broadcasts
yt to all devices as
yt = y
′
t + ηt = ρFyr + ηt, (3)
where ηt ∼ CN
(
0, κ2t
PR
N IN
)
with PR being the transmit
power of the relay and κt is the proportionality coefficient
of the transmitter hardware impairments [10], [13]. Note that
κr and κt can be interpreted as the error vector magnitude
1It is well-known that the impact of hardware impairments in the single-
antenna terminals is the same as in single-antenna systems. Therefore, we
only consider the hardware impairments at the multi-antenna relay.
2Due to its low complexity and short latency, the amplify-and-forward
scheme is adopted at the relay.
(EVM), which is defined as the ratio of distortion to signal
magnitudes. For instance, 3GPP LTE only supports EVMs
smaller than κ2t = 0.175 [13]. For notational convenience, we
drop the subscript of hardware impairments at both transmit
and receive antennas as κ. Moreover, the relay can obtain CSI
from uplink pilots sent by the devices, and the devices can then
obtain CSI through beamforming training [1]. To focus on the
effect of hardware impairments, we assume that TR has perfect
global CSI, i.e., {gi,hi} , ∀i. The power-control coefficient ρ
is normalized by the instantaneous received signal power
ρ =
√
PR
PU‖FA‖
2
+ ‖Fηr‖
2
+ σ2R‖F‖
2
. (4)
We consider the MR scheme at the relay since it is a low-
complexity signal processing algorithm suitable for low-cost
massive MIMO deployment [1]. Therefore, the precoding
matrix is selected as F = B∗AH , where B = [H,G]. Then,
the received signals at TAi and TBi are
ZAi = g
T
i yt + nAi , (5)
where nAi ∼ CN (0, σ
2
Ai
) is AWGN. In the following, we
only provide analytical results for TAi . The SE of TBi can
be simply derived by switching A and B, and h and g.
Substituting (2) and (3) into (5), ZAi can be expressed as
ZAi = ρg
T
i FhixBi︸ ︷︷ ︸
signal
+ ρ
K∑
j=1,j 6=i
(
gTi FgjxAj + g
T
i FhjxBj
)
︸ ︷︷ ︸
inter-user interference
+ ρgTi FgixAi︸ ︷︷ ︸
self-interference
+ ρgTi Fηr + g
T
i ηt︸ ︷︷ ︸
hardware impairments
+ ρgTi FnR + nAi︸ ︷︷ ︸
compound noise
. (6)
From (6), we notice that ZAi consists of five parts: the
signal that TAi desires to receive, the inter-user interference,
the interference caused by itself, the distortion induced by
hardware impairments at relay and the compound noise. With
local CSI obtained through beamformed pilots, devices can
take advantage of self-interference cancelation to eliminate
self-interference [1]. By treating the remaining uncorrelated
interference terms as the worst-case independent Gaussian
noise in the signal detection, the SE of TAi is given by
RAi = E {log2 (1 + SINRAi)} , for i = 1, . . . ,K, (7)
where E {·} is the expectation operator and the signal-to-
interference plus noise ratio (SINR) of TAi is given by
SINRAi =
PU
∣∣gTi Fhi∣∣2
C′+D′+E′+
∣∣gTi Fηr∣∣2+ 1ρ2 ∣∣gTi ηt∣∣2 , (8)
where C′
∆
= PU
K∑
j=1,j 6=i
(∣∣gTi Fgj∣∣2 + ∣∣gTi Fhj∣∣2), D′ ∆=
σ2R
∥∥gTi F∥∥2, and E′ ∆= σ2Aiρ2 , respectively.
III. SPECTRAL EFFICIENCY ANALYSIS
To the best of the authors’ knowledge, finding a closed-form
expression for (7) is extremely difficult if not impossible [5].
In this section, we obtain a closed-form large-scale approx-
3imation, which is tight as N → ∞. According to Jensen’s
inequality, a lower bound on RAi is first obtained as
RAi ≥ R
′
Ai = log2

1 + 1
E
{
[SINRAi ]
−1
}

 . (9)
Lemma 1: With MR processing and hardware impairments
at the relay, the lower bound (9) is given by
R
′
Ai−
1
2
log2
(
1+
N
Ci+Di+Ei+Fi+Gi
)
−−−−→
N→∞
0, (10)
where Ci
∆
=
K∑
j 6=i
(
σ2hj
σ2
hi
+
σ4hj
σ2gj
σ4
hi
σ2gi
+
σ2gj
σ2
hi
+
σ4gj
σ2hj
σ4
hi
σ2gi
)
, Di
∆
=
σ2R
PUσ2hi
,
Ei
∆
=
σ2Ai
J
PRσ4giσ
4
hi
, Fi
∆
= κ
2J
σ2giσ
4
hi
, Gi =
κ2
σ2
hi
K∑
j=1
(
σ2gij + σ
2
hij
)
,
and
J
∆
=
K∑
j=1
σ2gjσ
2
hj
(
σ2gj +σ
2
hj
)
+ 2κ
2
N
K∑
j=1
σ2gjσ
2
hj
K∑
j=1
(
σ2gj +σ
2
hj
)
.
Proof: Please refer to the appendix.
Lemma 1 reveals that the SE increases when N increases.
Further insights can be obtained by investigating the interfer-
ence terms. First, the SE increases with σ2gi and σ
2
hi
, which
means the channel quality for the ith device pair is better. On
the other hand, R
′
Ai
decreases if increasing σ2gj and σ
2
hj
, for
j 6= i, which means the channel conditions for other device
pairs except the ith device pair is improved. This result is
consistent with the results in [5]. Second, we observe that the
compound noise term Di is the inverse of the average SNR for
the channel from TBi to TR. Therefore, we can increase the
SNR for TBi to increase the SE. Furthermore, Ei is composed
of the transmit power of TR, the pathloss from TR to TAi and
the effect of hardware impairments. From Ei, it is obvious that
the SE will increase when the transmit power of TR increases,
but decrease when κ increases. Finally, it is clear that the
detrimental impact of hardware impairments in Fi and Gi is
independent of N . The impact of hardware impairments on
the two-way relay system is almost twice as much as that
of multiuser MIMO systems [13]. The two-way relay system
suffers from hardware impairments of transceivers, i.e., Fi and
Gi, at the relay in the two phases.
Corollary 1: Suppose the hardware impairments level is re-
placed as κ2 , κ20N
z for a given scaling exponent 0 < z ≤ 1
and an initial value κ0 > 0. As N →∞, the SE converges as

R
′
Ai
− 1
2
log2
(
1+
σ2gi
σ4hi
N1−z
κ20
(
µ0σ2gi
σ2
hi
+µ1
)
)
−−−−→
N→∞
0, 0 < z < 1
R
′
Ai
− 1
2
log2
(
1+
σ2gi
σ4hi
κ20
(
µ0σ2gi
σ2
hi
+µ1+2κ20µ2
)
i
)
−−−−→
N→∞
0, z = 1
where µ0
∆
=
K∑
j=1
(
σ2hj +σ
2
gj
)
, µ1
∆
=
K∑
j=1
(
σ2gjσ
2
hj
(
σ2gj +σ
2
hj
))
and µ2
∆
=
K∑
j=1
(
σ2gjσ
2
hj
) K∑
j=1
(
σ2gj +σ
2
hj
)
.
Proof: We first substitute κ2 , κ20N
z into (10). As N →
∞ and z > 0, both Ci and Di go to zero, Ei behaves as
O(Nz−1), Fi behaves as O(Nz +N2z−1), while Gi behaves
as O(Nz). To make the numerator and denominator have the
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Fig. 1. Average SE per device for different values of κ.
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Fig. 2. Sum SE for different values of z (κ0 = 0.05).
same scaling and be non-vanishing, we need to fulfill 1 −
max(z, 2z − 1) ≥ 0 as 0 < z ≤ 1.
The hardware scaling law in Corollary 1 is different from
the one for multiuser massive MIMO systems in [13]. It
proves that larger hardware impairments can be tolerated with
increasing number of antennas at the relay in multipair massive
MIMO two-way relaying systems. Recall that the EVM at the
relay is defined as EVM = κ [13], which means it can be
increased proportionally to N1/2. For example, a high-quality
relay antenna unit with an EVM of 0.03 can thus be replaced
by 16 low-quality antenna units with an EVM of 0.12, while
the loss in SE is negligible. Therefore, having a large number
of antennas allows the relay to use low-quality hardware.
IV. NUMERICAL RESULTS
We set Pu = 10, PR = 40, K = 10, σ
2
R = σ
2
Ai
= σ2Bi = 1,
for i = 1, . . . ,K in the Monte Carlo simulation. Moreover,
the large-scale fading coefficients σ2gi and σ
2
hi
are arbitrarily
generated by i.i.d. N (1, 0.2) random variables. The simulation
of RAi and the large-scale approximation in (10) are plotted
in Fig. 1. The simulation results validate the tightness of
4our large-scale approximation in (7).3 It is clear that the
average SE is an increasing function of N . Furthermore, when
the level of hardware impairments κ increases, the average
SE decreases. However, high SE of massive MIMO two-
way relaying systems with hardware impairments can still be
achieved by increasing N .
Fig. 2 validates the hardware scaling law established by
Corollary 1. Small SE loss can be found when the hardware
scaling law is fulfilled (z = 0.75), while the curve goes
asymptotically to zero when the law is not satisfied (z = 1.5).
When N is small (N < 300), the gain provided by the massive
MIMO system is dominant, while the level of hardware
impairments is too small to influence the SE. Therefore the
SE will increase with N . However, when N > 300, the
loss caused by hardware impairments will exceed the gain
of massive MIMO systems so that SE will decrease with N .
V. CONCLUSION
This letter investigated a multipair two-way relaying system
where the relay has a large number of antennas and hardware
impairments. The mathematical relationship between the SE,
the number of antennas N , the number of device pairs K , the
level of transceiver hardware impairments κ has been revealed.
Furthermore, a useful hardware scaling law was established to
prove that the level of hardware impairments can be increased
with N without significant SE loss. We conclude that multipair
massive MIMO two-way relaying systems can deploy many
low-cost transceivers that suffer from hardware impairments.
APPENDIX
From (9), E
{
[SINRAi ]
−1
}
can be written as
E
{
1
SINRAi
}
=E
{∥∥gTi Fηr∥∥2∥∥gTi Fhi∥∥2
}
+
1
PUρ2
E
{ ∥∥giηTt ∥∥2∣∣gTi Fhi∣∣2
}
+
σR
2
PU
E
{ ∥∥gTi F∥∥2∣∣gTi Fhi∣∣2
}
+
σ2Ai
PU
E
{
1
ρ2
∣∣gTi Fhi∣∣2
}
+
K∑
j 6=i
(
E
{∣∣gTi Fhj∣∣2∣∣gTi Fhi∣∣2
}
+ E
{∣∣gTi Fgj∣∣2∣∣gTi Fhi∣∣2
})
. (11)
Using the law of large numbers [16, Chapter 3], we have
1
N
gTi Fhi −
1
N
‖g∗i ‖
2‖hi‖
2 −−−−→
N→∞
0,
1
N
gTi Fhj −
1
N
(
‖g∗i ‖
2
hHi hj + ‖hj‖
2
gTi g
∗
j
)
−−−−→
N→∞
0,
1
N
gTi Fgj −
1
N
(
‖g∗i ‖
2
hHi gj + ‖gj‖
2
gTi h
∗
j
)
−−−−→
N→∞
0,
1
N
∥∥gTi F∥∥2 − 1N ‖g∗i ‖4‖hi‖2 −−−−→N→∞ 0.
3Note that the analytical results plotted in Figs. 1 and 2 are not below the
simulated curves. This is because we consider large-scale approximations that
neglect lower order terms that go asymptotically to zero, but might improve
the performance when N is not large enough [5].
As N →∞, we further have
E


∣∣∣∣∣h
H
i hj
‖hi‖
2
+
‖hj‖
2
‖hi‖
2
gTi g
∗
j
‖g∗i ‖
2
∣∣∣∣∣
2

− 1N
(
σ2hj
σ2hi
+
σ4hjσ
2
gj
σ4hiσ
2
gi
)
−−−−→
N→∞
0,
E


∣∣∣∣∣h
H
i gj
‖hi‖
2
+
‖gj‖
2
‖hi‖
2
gTi h
∗
j
‖g∗i ‖
2
∣∣∣∣∣
2

− 1N
(
σ2gj
σ2hi
+
σ4gjσ
2
hj
σ4hiσ
2
gi
)
−−−−→
N→∞
0,
E
{
1/‖hi‖
2
}
− 1/Nσ2hi −−−−→N→∞
0,
E
{∥∥gTi Fηr∥∥2∥∥gTi Fhi∥∥2
}
−
PUκ
2
K∑
j=1
(
σ2hj + σ
2
gj
)
Nσ2hi
−−−−→
N→∞
0,
E
{ ∥∥giηTt ∥∥2∣∣gTi Fhi∣∣2
}
−
κ2PR
N4σ2giσ
4
hi
−−−−→
N→∞
0,
E
{
1/‖g∗i ‖
2‖hi‖
4
}
− 1/N3σ2giσ
4
hi −−−−→N→∞
0. (12)
We also have the following properties
E
{
‖F‖2
}
− 2N2
K∑
i=1
(
σ2giσ
2
hi
)
−−−−→
N→∞
0,
E
{
‖FA‖2
}
−N3
K∑
i=1
σ2giσ
2
hi
(
σ2gi+σ
2
hi
)
−−−−→
N→∞
0,
E
{
ρ2
}
− PR/PUN
3J −−−−→
N→∞
0. (13)
By inserting (12)-(13) into (11), we can complete the proof.
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